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Station Functions and Their Application to Engineering
Problems

Max W. Berc*
Lockheed Missiles and Space Company, Sunnyvale, Calif.

A description of the station function method, derivation of the functions, and application
of the technique to polynomial solutions of nonlinear problems is given. Five examples of
applications of the functions are presented showing, in different ways, how the boundary
conditions can be defined in satisfying the requirements of the derived station functions.
These examples probably encompass all general aperiodic functions likely to occur in engi-

neering practice.
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helicopter rotor induced velocity, fps

V. = rotor blade tip speed, fps

ay = lift curve slope blade spanwise station, z

¢ = Be/wR = rotor solidity factor

B - = number of blades

¢ = blade chord

R = blade radius

6o = blade root collective pitch angle

0 = blade twist, negative for washout

z =r/R = blade station at radius r

o = alr density

T = thrust

ihp = induced horsepower

a,b,c,de,f = coeflicients of Egs. (9a) and (9b)

] = Mach number

Mcr = critical Mach number

Ca = section profile drag coefficient

Cdine = incompressible section profile drag co-
efficient

Cn = section normal force coefficient

¢ = section lift coefficient

¢ = inflow angle at blade section

« = angle of attack at blade section

¢ = blade pitch angle at section

6’ = longitudinal stick position, in.

0o = longitudinal blade pitch angle, deg

Subscripts

1,2,...,n = reference stationg
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Introduction

HE concept of station funetions in analysis was first

introduced by Rauscher,! who describes a praetical ap-
proach in the determining of interpolation curves character-
istic of those associated with flutter and vibration analyses.
The purpose of this paper is to show that the station function
technique is quite flexible and may be applied with consider-
able success to many other engineering problems as well.

In application, station functions may be used in deter-
mining distribution curves. They are unique in that the
functions are applicable to families of such curves and are,
in fact, independent of the magnitude of the influence co-
efficients affecting each distribution curve. The discrete
function can be of such simple form that little complexity
is involved in deseribing it as a distribution, or as a differen-
tial or integral of the function. One of the principles of
application shown herein describes how pre-integration may
be performed in conjunction with the station-function equa-
tions even before values of the particular influence coefficients
are determined.

The prerequisites in establishing the station-function equa-
tions that will uniquely describe the discrete function are
knowledge of the boundary conditions to be satisfied, and the
stations at which the most important influence coefficients
are likely to occur, i.e., stations at which occur the greatest
influence upon the curvature of the distribution curve, a
discontinuity in the distribution, or the like. Having once
established the proper stations at which the station-function
equations are to be applicable, the determined station func-
tions are then deseriptive of a family of such curves, all bear-
ing somewhat similar characteristics. It is to be noted, how-
ever, that because of the interpolation characteristic of sta-
tion functions, considerable freedom may be experienced .
in their use without any particular loss in accuracy. For
example, one discrete function may have a reverse curvature
in distribution which happens to be influenced at the par-
ticular stations chosen for the set of station functions, whereas
another discrete function may be, say, divergent or somewhat
exponential in character. It is entirely possible that the
one set of station functions applies equally well to both types
of distribution curves.

The importance in the use of station functions for deter-
mining interpolation curves lies in the fact that less work is
involved. Having once established a set or sets of station
functions, they may be used over and over again, independent
of values of the influence coefficients. Two to four stations
are all that are needed even for some of the most complicated
of distribution curves. A discrete function is obtained by
determining values of the influence coeflicients only at the
stations for which the station functions were previously
established.
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In applying station functions to helicopter performance
caleulations, for instance, it is shown subsequently that no
more than three stations are required in determining the dis-
tribution curves from which thrust and induced power are
obtained. The deviations in values performed by the station
function method are less than 1.59, of those performed by
the more exacting method that employs nine stations along
the rotor blade. The three stations are necessary for blades
having twist. Actually, for untwisted blades only two sta-
tions are required in determining the distribution curves.
It is noteworthy that only four stations are required in ob-
taining an excellent interpolation curve of Fig. 1, which de-
scribes a typical drag rise curve from suberitical through
supereritical Mach numbers. In practice, it has been found
that once a discrete interpolation function has been obtained,
the constants of the distribution equation may be rounded
to slide rule accuracy, and subsequent calculations performed
therefrom have been found to be satisfactory for most engi-
neering purposes. However, in determining the discrete
funetion it is advisable to use a desk calculator in order that
a sufficient number of significant figures be available when
the differences are taken.

Included in this paper are twelve sets of functions that
have been found to be particularly useful. They were
developed from time to time as the need arose and have been
used in solutions of many engineering problems since 1953.

Mathematical Development

Basic Theory

The coneept of station functions is the fitting of interpola-
tion curves descriptive of the actual boundary conditions
of the problem, including the requirement of proper tie-ins
between the slopes, curvatures, and rates of change of curva-
ture of the function on both sides of each reference station.
A rigorous application of this concept usually results in a
high-degree polynomial for use as an interpolation function
of the problem. Certain approximations and eliminations
of boundary conditions may be made, however, which reduce
the degree of the interpolation function while still maintain-
ing a high degree of accuracy considered within practicable
applications.

In the fitting of an interpolation function f(z) to the ordi-
nates 1, ¥, - . ., Y» at a series of reference stations zy, 23, . . .,
Za, the function assumes the form

J@) = nh@) + pfe(x) 4 ..+ yafale) (1)

with fi(z), f2(z), . . ., fa(z) functions of z determined by the

boundary conditions but independent of y1, s, . . . , ¥ such
that

filz) = aux 4+ aux? 4 ... F Gene®tY )]
and thus each of the reference ordinates 11, ¥s, . . . , ¥» makes

its own contribution to f(x). As the function f(z) must
satisfy the boundary conditions regardless of the values yi,
Y2, - - ., Us, the component function f;(z) must individually
satisfy those conditions.
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Fig. 2 Graphic tllustration of station-function applica-
tion.

In order that the function f(x) may have the value ¥, at
the station i, irrespective of the values ys, . . . , ¥, it I8
necessary that fi(z) = 1 and fulz)) = ... = falzy) = 0.
Similarly, it is necessary that each of the other component
functions has a value of unity at the station considered and
values of zero at all the other stations. Each component
funection, then, may be considered as a kind of extension
function for the station ordinate with which it is associated.
The values of these continuous component functions at the
reference stations must equal the ordinates or influence factors
of the reference stations. The interpolation function is
therefore a continuous function of the influence factors of
the reference stations. The procedure results in # homo-
geneous equations in n influence factors of the reference
stations. For example, consider Fig. 2 for which the follow-
ing conditions may be said to exist:

a)z =20 f:(0) =0
b) z =n fi'(n) =0
c) T =1 fiy =1
d)z=j fi(h =0
where
V)

where a and b are the boundary conditions, and ¢ and d are
the conditions imposed by the station functions. From Hq.
(2), then, values of the coefficients a;;, which satisfy the fore-
going conditions, may be determined. Thus,

fiitn) =0 =au 4+ 2005 + ... + (n + Dnra @y
fz(’b> =1 = 1o + 220 + ... + i(n+1}a/(n+1)i 3)
f’(]) =0= jali + j2a2i e I j("+1)a(n+1)i

where
J#1
Theoretical Application

A brief illustration in application of the theory just men-
tioned is given here. For example, let it be assumed that
functions for three stations are desired. This signifies that
a third-degree polynomial representing the three functions
will result. Further, it is convenient, in writing two equa-
tions in 7, to select values of each in a symmetric manner
from station to station. This does not mean that the sta-
tions must be equidistant but that their complementary
functions be symmetrically composed.

In illustration of this theoretical application, the following
conditions may be said to exist:

z =0 £:00) = 0
x =1 F.6) =1
r=j fij) =0

Then from Eq. (2),

filx) = 0 = aqx + apiz? + aza®
fl(l) =1 = md 4+ at® 4+ aut® (4)
fz(]) =0 = aij + aj? + (lsij3
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12001 Therefore
1000} v filx) = 8.846x — 22.452% + 13.61x3
o 6,17.252 folz) = —3.768x + 16.33z% — 12.56a3 (6)
z 800t e fi@) =  0.7960x — 3.877x2 + 4.0822°
Fig. 3 Square of induced 8 r
velocity vs span ratio for two @ %0 Equation (6) gives the functions for the three stations in z;
collective pitch angles. . 0,:11.25° 0.30, 0.65, and 1.0. To arrive at a final function representa-
g 400 [ —— tive of the given curve, a product of the influence coefficient
z 2005, // and representative function is made. All coefficients in like
- powers of z are then summed. The resulting equation,
0F e therefore, is the final function f(y) desired.

Since, for this example, the required number of stations is
three, the following symmetric relations can be made:

7

.=x1 Ji =2 Jo = @3
1= 22 J1 = XT3 Je = T1
= 23 =1 J2 = T2

then the complementary function |[4]] of Eq. (4) is the
same for all the reference stations. Thus,

ey x12 x13
Ty X XP
T3 x32 x32

[{Al]: = [[A]]s = [[4]]s = |[4]] =

The particular solutions for the constants ax; may be obtained
from

lax:] = [A~]I] (5)
where
an i Qis
(a1 Qo Qo3
31 Q32 Azs

lox] =

oy o AT
7Y
100
Il=10 1 0
001

Equation (5) is the solution of Eq. (4) which results in three
third-degree polynomials, one for each function f(x).

Numerical Application

Let
z; = 0.30 zs = 0.65 z3 = 1.00
Then
7= 0.30 71 = 0.65 Jjo = 1.00
1= 0.65 J1=1.00 Jo = 0.30
1= 1.00 ji=10.30 jo = 0.65

and the complementary function [4] of Eq. (4) is

0.3000 0.0900 0.0270
0.6500 0.4225 0.2746
1 1 1

| 141] = = 0.01672

From Eq. (5), then

Qi1 Q12 Qi3
Q21 Qg2 Q23 | =
a3t Q32 O3
0.1479 —0.0630 0.01310 1 00
—0.3754 0.2730 —0.06483:' 0 1 Ojl
0.2275 —0.2100 0.06825 0 01
0.01672

since

filr) = anx + anx? + aux®
fo(@) = aox + axz? + aa®
f3(x) = 13X + O2s2? + 033553

It should be noted of Eq. (6), as a typical set of third-degree
functions, that for x = 0.30, fi(z) = 1.0, while fo(z) = fi(z)
= 0, and for ¢ = 0.65, fulx) = 1.0, while fi(z) = falz) =
0, and so forth. :

Engineering Applications
Hovering Thrust and Power of Helicopter Rotor

An application of the station-function concept presented
herein results in a more rapid method for obtaining hovering
thrust and induced power of a helicopter rotor than the ana-
lytical procedures previously used and retains the same degree
of accuracy as previously enjoyed.

The unusual number of induced velocity calculations involve
nine stations along the blade radius. It is shown that only
three stations are required through use of station functions
to determine the induced velocity of a twisted blade. Actu-
ally, only two stations are necessary for a nontwisted blade.

The definition of the induced velocity employed here is
that given by Stepniewski? where

2 1/2
o= [~ % (%) + 5 @t oa}"]

The thrust and induced power are obtained by

T = 4pnrR? fxzﬂxdx
Xy
i @®
o0 AprR? x|
ihp = 550 J vizdx

By use of the station-function technique, pre-integration
of Eq. (8) may be performed. Thus,

T = 4pxR2[(0.290)a + (0.212)b + (0.163)c]  (9a)
ihp = 4’;’;‘32[(0.294)(; + (0.212'¢ + (0.163)f]  (9b)

where the integrations of Iig. (9a) and (9b) were performed
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between the limits of z; = 0.96 and 2, = 0.15. The coeffi-
cients of Tiq. (9a) and (9b) are given as follows:

a = v’o + vlay, + vifas
b = v:%h; + 020y + v3%s (10a)
¢ = % + vle + vsles
d = vida + viay + vilay
€ = 1)13171 + 1223172 —f— 7)33b3 (IOb)
T = vle + v + vs’cs

If the coefficients of the station functions of liq. (6) are used,
then

a = 8.846 by = —22.45 = 13.61
a; = —3.768 by = 16.33 ¢ = —12.56

The induced velocities v, s, v3, are induced velocities calcu-
lated by Eq. (7) at the three spanwise stations specified as
follows:

v, = induced velocity v at 2; = 0.30

v = induced velocity v at 2, = 0.65

v; = induced velocity v at 23 = 1.0

il

By squaring and cubing these induced velocities and in-
serting them in Eq. (10a) and (10b), the hovering thrust and
induced horsepower are obtained from Eq. (9a) and (9b).

Figures 3 and 4 illustrate the accuracies of the station-fune-
tion method. The solid lines represent the previous method of
analysis wherein nine stations along the blade radius were
used. The circled points are those calculated by the station-
function technique using but three stations specified by Eq.
(6). The station-function method provides good agree-
ment with the previous method with values of the thrust and
induced horsepower within 1.5%.

Typical Drag Rise Curve from Suberitical through Super-
critical Mach Numbers

Figure 1 illustrates a typical drag rise curve from the sub-
critical through the supereritical Mach numbers. The solid
curve is the function, and the circled points are those
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values obtained from the station functions given in Table
9.

Since the boundary condition for the station functions is
obviously y = 0 when x = 0, it is necessary that the abscissa
and ordinate values of Fig. 1 be arranged to meet this bound-
ary condition. This was easily accomplished by letting

oM/ Mor — 0.6)
(cd/cdinc - 1)

x
Y

I

Thus
Cof Caime = F(M/Mor)
= 1.0 + yufil®) + yafule) + ...+ wfule) (1)

In numerical form Eq. (11) is

g M M O\2
- [28.2060 — 1752 (L) 4 297478 <‘_’L> _
Cdine Mer Mer
At M\
264.472 | — . 1
64.472 <1 ICR> + 87.6000 <J JCR) (12)

which gives the values for the circled pointsin Fig. 1. Excel-

lent agreement with the Mach number curve resulted.

Compressibility Correction on Profile Drag
Figure 5 illustrates another application of the station-
function technique in curve fitting an algebraic polynomial
to a characteristic effect on drag due to compressibility. This
example was selected further to illustrate means for handling
the boundary values. By use of the following functions:
file) = 5.00135z — 6.417182% 4 2.958652° —
0.5834510 4 0.04167222°
fole) = —5.00083z -+ 8.9181502 — 4.917482% +
1.08351x* — 0.0833472x°
filx) = 3.33380z — 6.5010822 4 4.08401x% —
1.000172¢ + 0.08334722% (13)
file) = —1.250212 + 2.542092% — 1.7086223 +
0.4584102* — 0.04167362°
fs(z) =  0.200033z — 0.416736x2 + 0.2917152°% —
0.0833472z* + 0.00833472x°

Lo
x = 3 \ren .5

Cq
y = <Cdm — 1.009)

the resulting polynomial in  and y becomes

y = [—0.098064x + 0.186828z2 — (0.0935622° -+
0.01270993x* 4~ 0.0010918382°] (14)

and by letting

and the final equation becomes
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o _ [1 996816 — 37 808638< M ) +
Cgine cr
]/ 3
69.57 2985( M ) —41988859< [> -
Men Mer

10.839249 M + 14.378113 U (15)
Men

Equation (15) is almost an exact representation of the given
curve showing the effect of compressibility on profile drag
between the limits M/Mcr of 0.5-1.3 as illustrated by the
circled points on Fig. 5.

Station Funetion Analysis of a Normal Force Curve

In the course of helicopter analyses, the determining of the
rotor blade flapping motion due to large control inputs gen-
erally requires the use of the nonlinear inflow functions in
order that the resulting calculated motion be similar to that
recorded experimentally.

It has been found that the use of station functions for
polynomial definition of the blade aerodynamic normal force
coefficient has materially simplified and shortened this caleu-
lation procedure.

The blade of a helicopter in forward flight experiences a
region of reversed flow. The aerodynamic sequence of events
of such a phenomenon is similar to the results published by
NACA.®* Figure 6 shows the results of these tests in terms
of the disk normal force coefficient referred to the inflow angle
at the blade clement. This normal force coefficient was ob-
tained from

Cn = ¢, COS¢p + ¢, 3ing (16)

Table 1 Two functions
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where ¢ = a — 6. The solid line of Fig. 6 represents the
variation of the normal foree coefficient with angle of attack
for collective pitch angle of 10°. The cross points illustrate
the polynomial representation obtained by the following
station-function technique wherein two complete functions
are employed instead of the usual one function. The first
function is used from 0°-17° angle of attack, and the second
function is used from 17° to about 100° angle of attack.

First function

By letting 2 = «/20 and utilizing the functions from
Table 10, the resulting final equation becomes

@ 2
= [2.5825 (2—0> 4.6240 (2()) +

S, !f -

By letting f(z) = fla) —0.55 and z = [(e¢ — 15)/20],
and by utilizing the functions of Eq. (13), the resulting
equation becomes

a — 15
)+

— l' 2 - 3
0.114957 (“——”) — 0.160206 <0‘ 2015> +

20
a — 15\*
20 >} (18)

o — 15\¢*
Table 6 Three functions

Cn = |:0.550()00 + 0.785206(

0.0389810 ( > - 0.00312650<

=0.1, 02

z =02 0.5, 09

filz) = 20.0z — 100.0z?
fo(z) = —5.00z + 50.0z?

Table 2 Two functions

=0.2,04
fi(z) = 10.0z — 25.0x°
Pz) = —2.500 + 125z

Table 3 Two functions

xz = 04,09

flz) =  4.500c — 5.00022
foz) = —0.8890x + 2.220zx?

fi(z) = 10.714z — 33.333z* + 23.810z*
Toz) = ~?. 0000z + 18.3332% — 16.666z
Tolz) = 0.39680x — 2.7770z% + 3.9680z3

Table 7 Three functions

= (.30, 0.65, 1.0
filz) = 8.846x — 22.45z? 4 13.61z3
foz) = —3 768x + 16.33x% — 12.56x3
fs(z) = 0.7960c — 3.877x2 4+ 4.082x3

Table 8 Three functions

= 0.4, 0.7, 1.0
filz) = 9.7220 — 23.61x2 4+ 13.89x3
foz) = —6.349zx + 22.2222 — 15.89z3
fi(x) = 1.556x — 6.111z2 + 5.55623

Table 4 Two functions

xz = 0.8, 14

2.9167x — 2.0833z%
—0.95238z + 1.1905x2

filz)
fo(x)

)

Table 5 Three functions

= 01,02 03

fHiz) = 30.00x — 250.02% + 500.023
folz) = —15.00x + 200.0z* — 500.0z3
folz) = 3.333z — 50.00z2 + 166.7z3

Table 9 Four functions

=02 04,07, 1.0

filz) = 17.49z — 86.21x% + 131.2z% — 62.48¢*
folz) = —9.720x + 72.1922 — 131.92% + 69.42z*
fs(x) = 2.540x — 21.58z% 4+ 50.77x% — 31.73x*
fi{z) = —0.3900z + 3.470x% — 9.020x% + 6.940z*
Table 10 Four functions
x = 0.20, 0.45, 0.70, 1.0
fi(x) 15.7440c — 73.24302% + 107 .488x% — 49.9950z*

:f-z(x) = —9.05000z + 67.226022 — 122.81622 4 64.6400z*
fiz) = 5.42800z —~ 28.1880z? +4- 62.8510z% — 38.0920z*
= —0.477000z + 4.128002? — 10.2260x® + 7.575002*
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Table 11 Five functions

r=1,2345

filz) = 5.000000z — 6.417000z> 4 2.9583332° — 0.5833333z* + 0.04166667x°
fo(z) = —5.0000002 + 8.916667x2 — 4.91666723 + 1.083333z* — 0.083333332°
fi(z) = 3.333333z — 6.500000:2 + 4.083333x% — 1.000000z* + 0.08333333x°

fz) = —1.2450002 + 2.541667x% — 1.708333z% -+ 0.4583333z¢ — 0.04166667x°
fs(x) = 0.2000000z — 0.4166667z2 + 0.2916667z° — 0.08333333z* + 0.008333333z°

Table 12 Ten functions

r=1,234,56789,10

Sfilz) = 10.001928z — 19.295084x2 +- 15.861844a® — 7.3222693z* + 2.09891642% — 0.38856085z° + 0.04657249627 —

0.00349273162% + 0.000149006962° — 0.0000027599220210

Jo(x) = —22.508548x + 54.6754122 — 51.778348z% + 26.282956z¢ — 8.0590114x°% + 1.56794812% — 0.1951635927 4

0.0150721912% — 0.00065811765z° + 0.000012419375x0

fo(z) = 40.022460x — 103.88834x2 + 106.04424x® — 57.415944x* 4 18.5559722° — 3.76678942° + 0.4852432627 —

0.038538378z% + 0.00172187722° — 0.00003311760421°

fa(z) = —52.538717x + 140.75433z2 — 149.474412% -+ 84.401428z* — 28.3800052° + 5.96852342% — 0.7929120727 +-

0.06466317128 — 0.00295535462° + 0.00005795452921°

Fs(x) = 50.445755x — 137.668222% 4 149.76957z% — 36.961333x* -+ 30.11461025 — 6.51933752% + 0.8899503427 —

0.074399906z8 + 0.0034769088z° — 0.000069543902x1°

fe(z) = —35.037542z + 96.785759x% — 107.014222% + 63.366188z¢ — 22.43369725 + 4.97180752% — 0.694968132" +

0.05945241428 — 0.0028394934x° 4 0.000057951974x10

Soz) = 17.163974x — 47.821080x? + 53.4929102° — 32.135591x* 4 11.5717002% — 2.61379662° + 0.3729105127 —

0.03258322628 + 0.00158946452° — 0.00003311468421°

fa(x) = —5.6327929x + 15.79415922 — 17.8223902° + 10.825779z* — 3.95067092° + 0.906368832° — 0.1316043927 +

0.011722418z% — 0.00058363548z° + 0.0000124177321°

fo(z) = 1.1128149x — 3.1357269x% 4 3.5625481x% — 2.1829512z¢ 4 0.805241412° — 0.18713612x° 4 0.02758582027 —

0.0025002063z% + 0.00012693818z° — 0.0000027594353z1°

Ji(z) = —0.10016758z + 0.28336643z* — 0.323694162° + 0.19974809zx* — 0.0743358432% 4 0.0174631642° —
0.0026080541z7 + 0.0002400942328 — 0.000012417958z° + 0.00000027593744x 1

The use of two polynomials in defining such a curve as
Fig. 6 is suitable for the automatic digital computer, since
the computed angle of attack can be used as the selective
intelligence defining the polynomial to be used.

The foregoing station-function polynomials not only ap-
preciably reduced the computer time but provided the de-
sired accuracy in the blade-motion solutions resulting in
values comparable with measured experimental data.

Polynomial Representation of Helicopter Longitudinal
Control

The calculations in determining the characteristics for
trim at various air speeds in steady and accelerated flight
conditions require a statement of the relation between
control surface deflection and cockpit control movement.
For linear relations this statement is simply applied. For a
nonlinear relation, such as that shown by Fig. 7, it is con-
venient to represent blade angle with control stick position
by an algebraic polynomial. This can be simply determined
through use of a set of functions provided by the station-
function technique. The functions employed are from Table
10. By letting z = (6’ + 6)/12 and y = (6, + 3.5°), the
final equation becomes

8, = [—1.1485 + 0.883806," + 0.075910(6,")* —
0.00095500(6;")* + 0.0000095970(6,")4] (19)

The solid curve of Fig. 7 is the control motion to be repre-
sented, and the circled points are those calculated by Eq.
(19). Excellent agreement, of course, results from use of
such a high-degree equation for this simple curve.

Conclusions

The examples given in the previous section ‘‘Engineering
Applications” numerically illustrate the method and flexi-
bility of the station-function technique in polynomial descrip-
tion of several functions often used in the solution of many
engineering problems. The examples shown were selected
to illustrate the handling of diverse arrangements of boundary
values and function singularities.

The simplicity and diverse applications of the station func-
tions for obtaining reasonably accurate descriptive inter-
polation functions is the purpose of this presentation. It is
hoped that the tables of functions included in this paper
may prove as helpful to others as they have to the author and
his colleagues. ,

Tables of Functions

The functions shown in Tables 1-11 have been in use
extensively. The tenth-degree functions, Table 12, have
been included to extend the usefulness of this technique for
polynomial description of the higher-order functions en-
countered in some engineering problems.
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